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Soundness and completeness of quantum root-mean-square errors
Masanao Ozawa∗
Graduate School of Informatics, Nagoya University, Chikusa-ku, Nagoya, 464-8601, Japan
Defining and measuring the error of a measurement is one of the most fundamental
activities in experimental science. However, quantum theory shows a peculiar diffi-
culty in extending the classical notion of root-mean-square (rms) error to quantum
measurements. A straightforward generalization based on the noise-operator was used
to reformulate Heisenberg’s uncertainty relation on the accuracy of simultaneous mea-
surements to be universally valid and made the conventional formulation testable to
observe its violation. Recently, its reliability was examined based on an anomaly that
the error vanishes for some inaccurate measurements, in which the meter does not
commute with the measured observable. Here, we propose an improved definition for
a quantum generalization of the classical rms error, which is state-dependent, opera-
tionally definable, and perfectly characterizes accurate measurements. Moreover, it is
shown that the new notion maintains the previously obtained universally valid uncer-
tainty relations and their experimental confirmations without changing their forms and
interpretations, in contrast to a prevailing view that a state-dependent formulation for
measurement uncertainty relation is not tenable.
Keywords: quantum measurement, uncertainty principle, uncertainty relation, simultaneous measurement,
Gauss, root-mean-square, error, disturbance, quantum perfect correlation, accurate measurement
INTRODUCTION
The notion of the mean error of a measurement of
a classical physical quantity was first introduced by
Laplace [1, p. 324] as the mean of the absolute value
of the error. Subsequently, the root-mean-square (rms)
error was introduced by Gauss [2, p. 39] as a mathemat-
ically more tractable definition to derive the principle
of the least square, and has been broadly accepted as
the standard definition for the mean error of a measure-
ment. In those approaches the error of a measurement
of a quantity Θ is defined as N = Ω − Θ, where Ω is
the quantity actually observed, here we call the meter
quantity. Then Gauss’s rms error is defined as 〈N2〉1/2,
where 〈· · ·〉 stands for the mean value, while Laplace’s
mean error as 〈|N |〉. From the above definition, Gauss’s
rms error εG is determined by the joint probability dis-
tribution
µ(θ, ω) = Pr{Θ = θ,Ω = ω} (1)
of Θ and Ω as
εG(µ)
2 =
∑
ω,θ
(ω − θ)2 µ(θ, ω), (2)
so that εG(µ) = 〈N2〉1/2, and it perfectly characterizes
accurate measurements: εG(µ) = 0 if and only if Ω = Θ
holds with probability 1, i.e.,
∑{µ(θ, ω) | θ = ω} = 1.
A straightforward generalization of Gauss’s definition
to quantum measurements has been introduced as follows
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[3–5]. Let A be an observable of a system S, described
by a Hilbert space H, to be measured by a measuring
process M. Let M be an observable representing the
meter of the observer in the environment E described
by a Hilbert space K. The Hilbert spaces H and K are
supposed to be finite dimensional throughout the present
paper for simplicity of the presentation, although the ar-
guments supporting the main results are extended to the
infinite dimensional case with well-known mathematical
methods. The time evolution of the total system S + E
during the measuring interaction with the total Hamilto-
nian H determines the Heisenberg operators A(0), M(τ)
with 0 < τ , where
A(0) = A⊗ I, (3)
M(τ) = U(τ)†(I ⊗M)U(τ), (4)
U(τ) = exp(−iτH/~). (5)
To obtain the outcome x of this measurement the ob-
server measures the observable M(τ) (i.e., measures the
meter observable M just after the interaction), instead
of measuring A(0) (i.e., measuring A just before the the
interaction). The error of this measurement is naturally
identified with the observable, called the noise operator,
defined by
N(A,M) =M(τ)−A(0) (6)
[6, 7]. Let |ψ〉 and |ξ〉 be the initial states of S and
E, respectively. The noise-operator based quantum root-
mean-square (q-rms) error of this measurement is defined
as
εNO(A,M, |ψ〉) = 〈ψ, ξ|N(A,M)2|ψ, ξ〉1/2, (7)
where |ψ, ξ〉 = |ψ〉|ξ〉 [3–5].
2This notion was used to reformulate Heisenberg’s un-
certainty relation for the accuracy of simultaneous mea-
surements to be universally valid [8–17] and made the
conventional formulation testable to observe its violation.
[18–24].
Recently, Busch, Lahti, and Werner (BLW) [25] raised
a reliability problem for quantum generalizations of the
classical rms error, comparing the noise-operator based
q-rms error with the Wasserstein 2-distance, another er-
ror measure based on the distance between probability
measures, and pointed out several discrepancies between
those two error measures in favor of the latter.
In order to resolve the conflict, here we introduce the
following requirements for any sensible error measure
generalizing the classical root-mean-square error: (I) the
operational definability, (II) the correspondence princi-
ple, (III) the soundness, and (IV) the completeness. The
operational definability ensures that the error measure is
definable by the operational description of the measur-
ing process. The correspondence principle ensures that
the error measure is consistent with the classical rms er-
ror in the case when the latter is also applicable. The
soundness ensures that the error measure vanishes for any
accurate measurements, while the completeness ensures
that the error measure does not vanish for any inaccu-
rate measurements. As shown later, the noise-operator
based q-rms error εNO satisfies all the requirements (I)–
(III) except (IV), whereas any error measures based on
the distance of probability measures, such as the Wasser-
stein 2-distance, satisfy (I) and (III) but do not satisfy
(II) nor (IV). We propose an improved definition for a
quantum generalization of the classical rms error, which
is still based on the noise operator but satisfies all require-
ments (I)–(IV). Moreover, it is shown that the new error
measure maintains the previously obtained universally
valid uncertainty relations [8–17] and their experimen-
tal confirmations [18–24] without changing their forms
and interpretations, in contrast to a prevailing view that
a state-dependent formulation for measurement uncer-
tainty relation is not tenable [25–27].
RESULTS
Operational definability. The probability distri-
bution of the output x of the measurement is given by
Pr{x = x‖|ψ〉} = 〈ψ, ξ|PM(τ)(x)|ψ, ξ〉, (8)
where PM(τ)(x) is the spectral projection of M(τ) for
x ∈ R, i.e., PM(τ)(x) is the projection with range {Ψ ∈
H ⊗ K | M(τ)Ψ = xΨ}. It is fairly well-known that ev-
ery measuring process has its probability operator-valued
measure (POVM) that operationally describes the statis-
tics of the measurement outcome [28–31]. The POVM Π
of the measuring process M is a family Π = {Π(x)}x∈R
of positive operators on H defined by
Π(x) = 〈ξ|PM(τ)(x)|ξ〉, (9)
and satisfies the generalized Born formula
Pr{x = x‖|ψ〉} = 〈ψ|Π(x)|ψ〉. (10)
We consider the requirements for any quantum gener-
alization ε of the classical root-mean-square error εG to
quantify the mean error ε(A,M, |ψ〉) of the measurement
of an observable A in a state |ψ〉 described by a measur-
ing process M; we shall also write ε(A,M, ρ) if the state
is represented by a density operator ρ. The first require-
ment is formulated using the notion of POVM as follows.
(I) Operational definability. The error measure ε
should be definable by the POVM Π of the measuring
process M, the observable A to be measured, and the
initial state |ψ〉 of the measured system S.
The operational definability determines the mathemat-
ical domain of the error measure and requires that the
mean error (i.e, the value of the error measure in the
given state) should be determined by the operational de-
scription of the statistics of measurement outcomes.
The n-th moment operator Πˆ(n) of the POVM Π is
defined by
Πˆ(n) =
∑
x
xnΠ(x). (11)
We write Πˆ = Πˆ(1). Then the relation
εNO(A,M, |ψ〉)2 = Re〈ψ|A2 − 2A Πˆ + Πˆ(2)|ψ〉
(12)
holds [11, Theorem 4.5].
Thus, εNO can be defined by the observable A, the
POVM Π, and the state |ψ〉, so that it satisfies the op-
erational definability. In what follows, we shall write
εNO(A,Π, |ψ〉) = εNO(A,M, |ψ〉) if Π is the POVM of
M.
Correspondence principle. The second require-
ment is based on a common practice in generalizing a
classical notion to quantum mechanics. Even in quan-
tum mechanics, there are cases where the original classi-
cal notions are directly applicable, and in those cases the
generalized notions should be consistent with the original
ones.
In the problem of generalizing the classical root-mean-
square error to quantum mechanics, this principle is ap-
plied to the case where A(0) and M(τ) commute as two
operators. In this case, the observables A(0) and M(τ)
are jointly measurable and their joint probability distri-
bution µ(x, y) is given by
µ(x, y) = 〈ψ, ξ|PA(0)(x)PM(τ)(y)|ψ, ξ〉. (13)
Then we can apply the classical definition of the root-
mean-square error to the joint probability distribution µ
to obtain the classical root-mean-square error εG(µ) of
this measurement; in this case, the measuring process is
3classically described as a black-box with the input-output
joint probability distribution µ(x, y). Thus, the quantum
generalization ε should satisfy
ε(A,M, |ψ〉) = εG(µ). (14)
Thus, we should require that Eq. (14) holds if A(0)
and M(τ) commute. However, we should proceed fur-
ther to avoid possible inconsistencies, since there is a case
where a pair of observables commute only on a subspace
and they have the joint probability distribution only for
states in that subspace as discussed by von Neumann
[32, p. 230]. To include such a general situation, we de-
fine the notions of commutativity and joint probability
distribution in a sate-dependent manner. We say that
observables X and Y commute in a state |Ψ〉 if
PX(x)P Y (y)|Ψ〉 = PY (y)PX(x)|Ψ〉 (15)
for any x, y. A probability distribution µ(x, y) on R2,
i.e., µ(x, y) ≥ 0 and ∑x,y µ(x, y) = 1, is called a joint
probability distribution (JPD) of observables X,Y in |Ψ〉
if
〈Ψ|f(X,Y )|Ψ〉 =
∑
x,y
f(x, y)µ(x, y) (16)
for any polynomial f(X,Y ) of observables X,Y . Then,
there exists a JPD of observablesX,Y in |ψ〉 if and only if
X and Y commute in |ψ〉 as shown in Theorem 1 in Meth-
ods: State-dependent commutativity and joint probabil-
ity distributions. In this case, the JPD µ is uniquely
determined by
µ(x, y) = 〈Ψ|PX(x)P Y (y)|Ψ〉. (17)
To prevent the inconsistency between the original clas-
sical notion and its quantum generalization we pose the
following requirement.
(II) Correspondence principle. In the case where A(0)
and M(τ) commute in the initial state |ψ, ξ〉, then the
relation
ε(A,M, |ψ〉) = εG(µ) (18)
holds for the JPD µ of A(0) and M(τ) in |ψ, ξ〉.
Suppose that A(0) and M(τ) commute in |ψ, ξ〉. Let
µ be their JPD in |ψ, ξ〉. From Eqs. (2), (7), and (16),
we have
εNO(A,M, |ψ〉) = εG(µ). (19)
Thus, the noise-operator based q-rms error εNO satisfies
the correspondence principle.
Soundness. To discuss the soundness we need to
clarify what measuring process M is considered to ac-
curately measure an observable A in a given state |ψ〉.
This fundamental problem has, to the best of our knowl-
edge, not been discussed in the literature except for
our previous investigations [33–36], in which we intro-
duced the following definition. We say that the mea-
suring process M accurately measures an observable A
in a state |ψ〉 if A(0) and M(τ) commute in |ψ, ξ〉 and
their JPD µ satisfies µ(A(0) = M(τ)) = 1, where
µ(A(0) = M(τ)) =
∑
x,y:x=y µ(x, y). We will provide
a justification of this definition including its operational
accessibility in Methods: State-dependent definition for
accurate measurements of quantum observables.
Under the above definition we pose the soundness re-
quirement.
(III) Soundness. The error measure ε vanishes for any
accurate measurements.
Now, we can see that any error measure ε satisfying the
correspondence principle, (II), also satisfies the sound-
ness, (III), since in this case we have the JPD µ of A(0)
and M(τ) satisfying ε(A,M, |ψ〉) = εG(µ) = 0.
Since the noise-operator based rms error εNO satis-
fies the correspondence principle, (II), it also satisfies the
Soundness, (III).
Note that if A is accurately measured in |ψ〉, then A
and Π are identically distributed in |ψ〉.
Completeness. Now, we introduce the following re-
quirement.
(IV) Completeness. The measurement is accurate if
the error measure ε vanishes.
Busch, Heinonen, and Lahti [37, p. 263] pointed
out that there is a measuring process M such that
εNO(A,M, |ψ〉) = 0 but M does not accurately measure
A in |ψ〉. For a simple example, let
A =
[
1 1
1 1
]
, M =
[
1 1
1 −1
]
, |ψ〉 =
[
1
0
]
(20)
with Π(y) = PM (y). Then we have εNO(A,Π, |ψ〉) =
0, but the measurement is not accurate, since A and Π
are not identically distributed as 〈ψ|PA(2)|ψ〉 = 1/2 but
〈ψ|Π(2)|ψ〉 = 0.
Thus, the noise-operator based q-rms error εNO does
not satisfy the completeness requirement. As shown
above, the noise-operator based q-rms error εNO satisfies
all the requirements (I)–(III) but does not satisfy (IV).
Locally uniform quantum root-mean-square er-
ror. We call any error measure ε satisfying (I) and (II)
a quantum root-mean-square (q-rms) error. A q-rms er-
ror ε is said to be sound if it satisfies (III). It is said to be
complete if it satisfies (IV). A sound and complete error
measure correctly indicates the cases where the measure-
ment is accurate and where not [25, p. 1263]. A primary
purpose of this paper is to find a sound and complete q-
rms error, and to establish universally valid uncertainty
relations based on it.
We shall show that there is a simple method to
strengthen the noise-operator based q-rms error to ob-
tain a sound and complete q-rms error. In addition to
4(I)–(IV), this error measure is shown to have the follow-
ing two properties.
(V) Dominating property. The error measure ε dom-
inates the noise-operator based q-rms error εNO, i.e.,
εNO(A,Π, |ψ〉) ≤ ε(A,Π, |ψ〉) for all A,Π, |ψ〉.
(VI) Conservation property for dichotomic measure-
ments. The error measure ε coincides with the noise-
operator based q-rms error εNO for dichotomic measure-
ments, i.e., εNO(A,Π, |ψ〉) = ε(A,Π, |ψ〉) if A2 = Πˆ(2) =
I.
For any t ∈ R, define
εt(A,Π, |ψ〉) = εNO(A,Π, e−itA|ψ〉). (21)
We call {εt(A,Π, |ψ〉)}t∈R the q-rms error profile for A
and Π in |ψ〉. If A(0) and M(τ) commute in the state
|ψ, ξ〉, then we have
εt(A,Π, |ψ〉) = εNO(A,Π, |ψ〉) (22)
for all t ∈ R. Thus, the q-rms error profile is consid-
ered to provide additional information about the error of
measurementM in the case where A(0) andM(τ) do not
commute in the state |ψ, ξ〉.
To obtain a numerical error measure from
{εt(A,Π, |ψ〉)}t∈R, we define the locally uniform q-
rms error by
ε(A,Π, |ψ〉) = sup
t∈R
εt(A,Π, |ψ〉). (23)
Then ε is a sound and complete q-rms error, satisfying
both the dominating property, (V), and the conservation
property for dichotomic measurements, (VI), as shown
in Theorem 3 in Methods: Sound and complete quantum
root-mean-square errors, where we introduce other two
sorts of q-rms errors to clarify the physical motivation
behind the above definition.
For the example given in Eq. (20), we have
εt(A,Π, |ψ〉) = 2| sin t|, and ε(A,Π, |ψ〉) = 2, (24)
despite of the relation εNO(A,Π, |ψ〉) = 0, the relation
ε(A,Π, |ψ〉) = 2 correctly indicate that the measurement
of A described by Eq. (20) is not an accurate measure-
ment.
DISCUSSION
Wasserstein 2-distance. In what follows, we shall
show that the Wasserstein 2-distance satisfies the opera-
tional definability, (I), and the soundness, (III), but does
not satisfy the correspondence principle, (II), nor the
completeness, (IV).
Let µA|ψ〉 and µ
Π
|ψ〉 be the probability distributions of A
and Π in state |ψ〉, i.e.,
µA|ψ〉(x) = 〈ψ|PA(x)|ψ〉, (25)
µΠ|ψ〉(y) = 〈ψ|Π(y)|ψ〉. (26)
BLW [25] advocated the Wasserstein 2-distance
W2(µ
A
|ψ〉, µ
Π
|ψ〉) between µ
A
|ψ〉 and µ
Π
|ψ〉 as an alternative
quantum generalization of the classical rms error in
comparison with the noise-operator based q-rms error
εNO(A,Π, |ψ〉). The Wasserstein 2-distance is defined
as
W2(µ
A
|ψ〉, µ
Π
|ψ〉) = infγ
εG(γ), (27)
where the infimum is taken over all the probability dis-
tributions γ(x, y) on R2 such that γ(x,R) = µA|ψ〉(x) and
γ(R, y) = µΠ|ψ〉(y). Thus, W2(µ
A
|ψ〉, µ
Π
|ψ〉) satisfy the oper-
ational definability, (I). It should be pointed out that the
Wasserstein 2-distanceW2(µ
A
|ψ〉, µ
Π
|ψ〉) does not satisfy the
correspondence principle, (II). To see this, suppose that
A(0) and M(τ) commute in |ψ, ξ〉. In this case, we have
εG(µ)
2 = σ(A(0))2 + σ(M(τ))2 − 2Cov + (Bias)2, (28)
where Cov = 〈(A(0) − a)(M(τ) − m)〉, Bias = a − m,
a = 〈A(0)〉, and m = 〈M(τ)〉. The JPD µ(x, y) al-
ways satisfies the condition that µ(x,R) = µA|ψ〉(x) and
µ(R, y) = µΠ|ψ〉(y). Thus, we have
W2(µ
A
|ψ〉, µ
Π
|ψ〉) ≤ εG(µ). (29)
For the case where µA|ψ〉 = µ
Π
|ψ〉, we have
W2(µ
A
|ψ〉, µ
Π
|ψ〉) = 0, but εG(µ) = 0 only if µ(A(0) =
M(τ)) = 1. To consider a typical case where εG(µ) > 0,
suppose that A(0) and M(τ) are independent. Then
we have σ(A(0)) = σ(M(τ)), Cov = 0, and Bias = 0,
and hence εG(µ) =
√
2σ(A). Thus, εG(µ) > 0 whenever
σ(A) > 0. For instance, let
A= |0〉〈0|+ |1〉〈1| − |2〉〈2| − |3〉〈3|, (30)
M= |0〉〈0| − |1〉〈1|+ |2〉〈2| − |3〉〈3|, (31)
A(0)=A⊗ I, (32)
M(τ)=U †(I ⊗M)U =M ⊗ I, (33)
|ψ〉=(|0〉+
√
2|1〉+
√
2|2〉+ 2|3〉)/3. (34)
Then, we have the joint probability distribution µ for
A(0) and M(τ) in |ψ, ξ〉 for arbitrary |ξ〉 such that
µ(+1,+1) = 1/9, µ(+1,−1) = 2/9, (35)
µ(−1,+1) = 2/9, µ(−1,−1) = 4/9. (36)
We have µA|ψ〉(+1) = µ
Π
|ψ〉(+1) = 1/3, µ
A
|ψ〉(−1) =
µΠ|ψ〉(−1) = 2/3, and A(0) and M(τ) are independent.
Thus we haveW2(µ
A
|ψ〉, µ
Π
|ψ〉) = 0, but σ(A) = 2
√
2/3 and
εG(µ) = εNO(A,Π, |ψ〉) = 4/3. Thus, the Wasserstein 2-
distance does not satisfy the correspondence principle,
(II).
Note that the above example also shows that the
Wasserstein 2-distanceW2(µ
A
|ψ〉, µ
Π
|ψ〉) does not satisfy the
completeness, (IV), whereas it satisfies the soundness,
(III), since εG(µ) = 0 holds in Eq. (29) for any accurate
measurement.
5The logical relationships among requirements (I)–(IV)
are summarized as follows. Under the the major premise
(I), we have shown that (i) (III) follows from (II), (ii)
(II) does not follow from (III), since the Wasserstein 2-
distance satisfies (III) but does not satisfies (II), and that
(iii) (II) and (IV) are independent, since εNO satisfies
(II) but does not satisfy (IV) and since there exists an
error measure ε satisfying (IV) but not satisfying (II),
e.g. ε(A,Π, |ψ〉) = sup|φ〉 εNO(A,Π, |φ〉), where |φ〉 varies
over all the states. Note that there exists an error mea-
sure ε satisfying (I), (III), and (IV), but does not satisfy
(II), e.g., ε(A,Π, |ψ〉) = sup|φ〉 εNO(A,Π, |φ〉), where |φ〉
varies over the cyclic subspace C(A, |ψ〉) generated by A
and |ψ〉 [38].
Universally valid uncertainty relations. In what
follows, we shall show that all the universally valid mea-
surement uncertainty relations obtained so far [8, 10,
11, 13–16] for the noise-operator based q-rms error are
maintained with the same forms by property (V) and
that their experimental confirmations reported so far [18–
24] for dichotomic measurements are also reinterpreted
to confirm the relations for the new error measure by
property (VI). Moreover, the state-independent formula-
tion based on this notion maintains Heisenberg’s original
form for the measurement uncertainty relation, whereas
the state-dependent formulation violates it. The new er-
ror measure thus clears a prevailing view that the state-
dependent formulation of measurement uncertainty rela-
tions is not tenable [25–27].
Let A,B be two observables of a quantum system
S described by a Hilbert space H. Any simultaneous
measurement of A and B in a state |ψ〉 defines a joint
POVM Π(x, y) on R2 for the Hilbert space H, for which
the marginal POVM ΠA(x) = Π(x,R) describes the A-
measurement and the marginal POVM ΠB(y) = Π(R, y)
describes the B-measurement [12]. Then the mean errors
of the simultaneous measurement of A and B described
by the joint POVM Π(x, y) in the state |ψ〉 are defined as
ε(A,ΠA, |ψ〉) and ε(B,ΠB , |ψ〉), respectively, for a given
q-rms error ε. In what follows we abbreviate ε(A) to
ε(A,ΠA, |ψ〉) and ε(B) to ε(B,ΠB, |ψ〉) unless confusion
may occur.
The above general formulation includes the error-
disturbance relation for the A-measurement error of a
measuring process M and the thereby caused distur-
bance on B, since the B-disturbance is generally de-
fined by the error of the accurate B-measurement fol-
lowing the A-measurement [8, 11, 39]. This definition
of the B-disturbance is described in the Heisenberg pic-
ture as follows. Given a measuring process M, we can
make an accurate simultaneous measurement of commut-
ing observables M(τ) and B(τ). Then an approximate
simultaneous measurement of A(0) and B(0) is obtained
if the measurement of A(0) is replaced by the accurate
measurement of M(τ) and the measurement of B(0) is
replaced by the accurate measurement of B(τ). This si-
multaneous measurement is described by the joint POVM
Π defined by
Π(x, y) = 〈ξ|PM(τ)(x)PB(τ)(y)|ξ〉. (37)
In this case, for a given q-rms error measure ε, we de-
fine the mean error ε(A,M, |ψ〉) of the A measurement
carried out by M in |ψ〉 as ε(A,M, |ψ〉) = ε(A,ΠA, |ψ〉)
and the the mean disturbance η(B,M, |ψ〉) of B caused
by M in |ψ〉 as η(B,M, |ψ〉) = ε(B,ΠB , |ψ〉). In what
follows we abbreviate ε(A) to ε(A,M, |ψ〉) and η(B) to
η(B,M, |ψ〉) unless confusion may occur.
As above, any general relation for ε(A) and ε(B) im-
plies a general relation for ε(A) and η(B), while any
counter example for a general relation for ε(A) and η(B)
is also a counter example for the corresponding relation
for ε(A) and ε(B).
In this respect, it should be noted that the recent claim
by Korzekwa, Jennings, and Rudolph (KJR) [27] of the
impossibility of state-dependent error-disturbance rela-
tions is unfounded. In fact, KJR admitted that their ba-
sic assumption called the operational requirement (RO)
can be applied to the notion of disturbance, but cannot
be applied to the notion of error [27, p. 052108-6]; it can
be easily seen that if (RO) were to be applied to the error,
it would contradict the correspondence principle. How-
ever, such a discrimination between the disturbance and
the error contradicts the above standard definition of the
disturbance as the error of a successive measurement.
Heisenberg’s original formulation of the uncertainty
principle states that canonically conjugate observables
Q,P can be measured simultaneously only with a char-
acteristic constraint [40, p. 172]
ε(Q)ε(P ) ≥ ~
2
, (38)
where the unambiguous lower bound ~/2 is due to a
subsequent elaboration by Kennard [41] (see also [42]).
Heisenberg justified this relation under the repeatabil-
ity hypothesis or its approximate version, an obsolete
assumption on the state change in measurement; see
Ref. [42] for a detailed discussion.
A counter example of Heisenberg’s relation (38) was
shown in Ref. [43] in the error-disturbance scenario with
ε = εNO, using a position measuring model originally
constructed in Ref. [44] to invalidate the standard quan-
tum limit for gravitational-wave detectors with free-mass
probe [45, 46]. In Ref. [47] continuously many linear po-
sition measuring processes including the above have been
constructed that violate Heisenberg’s relation (38) in the
error-disturbance scenario for an arbitrary choice of the
q-rms error ε. Thus, the violation of Heisenberg’s rela-
tion (38) is not due to a particular choice of the q-rms
error ε.
In contrast to the violation of Eq. (38) in the state-
dependent formulation, Appleby [48] showed the relation
sup
|ψ〉
ε(Q,ΠQ, |ψ〉) sup
|ψ〉
ε(P,ΠP , |ψ〉) ≥ ~
2
, (39)
6holds for ε = εNO, except for the case where
sup|ψ〉 ε(Q,ΠQ, |ψ〉) = 0 or sup|ψ〉 ε(P,ΠP , |ψ〉) = 0,
where the supremum is taken over all the possible states
|ψ〉. An apparent drawback of the above relation is that
the state-independent error measure sup|ψ〉 ε(Q,ΠQ, |ψ〉)
and sup|ψ〉 ε(P,ΠP , |ψ〉) are defined by a q-rms error ε
that is not complete. However, this drawback turns out
to be immediately cleared if one uses the uniform q-rms
error ε instead, since the relation
sup
|ψ〉
εNO(X,ΠX , |ψ〉) = sup
|ψ〉
ε(X,ΠX , |ψ〉) (40)
holds obviously for any observable X . Thus, Eq. (39)
holds for ε = ε, one of the sound and complete q-
rms errors. It should be noted that in the state-
independent formulation as above the error measures
sup|ψ〉 ε(Q,ΠQ, |ψ〉) and sup|ψ〉 ε(P,ΠP , |ψ〉) often di-
verges [47, 48]. Even in the original γ-ray thought ex-
periment, the error measure sup|ψ〉 ε(Q,ΠQ, |ψ〉) diverges
as the wave packet goes beyond the scope of the mi-
croscope. Thus, Heisenberg’s original form holds in the
state-independent formulation but not due to the trade-
off between the resolution power and the Compton re-
coil. The notion of the resolution power of a microscope
is well-defined only in the case where the object is well-
localized in the scope of the microscope, and it cannot
be captured by the state-independent formulation. The
above remarks are also applied to the recent revival of
the state-independent formulation by Busch, Lahti, and
Werner [49, 50]; in fact, the Busch-Lahti-Werner formula-
tion in [49] is equivalent to Appleby’s formulation [48] for
any linear measurements [47]. For detailed discussions,
we refer the reader to Ref. [47].
A generalization of Heisenberg’s relation (38) to arbi-
trary pair of observablesA and B is obtained by using the
noise-operator based rms error ε = εNO as the relation
ε(A)ε(B) ≥ CA,B, (41)
where CA,B =
1
2 |〈ψ|[A,B]|ψ〉|, holding for any joint
POVM’s with unbiased or independent noise operators
[3, 4, 6, 7, 10, 51, 52] (see also [53, 54]). By the dominat-
ing property, (V), the above relation also holds for the
uniform rms error ε = ε.
Using the noise-operator based q-rms error ε = εNO,
the first universally valid relation
ε(A)ε(B) + ε(A)σ(B) + σ(A)ε(B)≥CA,B , (42)
was given in 2003 [8, 10], which are universally valid for
any observables A,B, any system state |ψ〉, and any joint
POVM Π, where the standard deviations σ(A), σ(B) are
taken in the state |ψ〉. By the dominating property, (V),
the above relation also holds for the uniform q-rms er-
ror ε = ε. Thus, we have a state-dependent universally
valid uncertainty relation for simultaneous measurements
described by a sound and complete q-rms error.
Using the noise-operator based q-rms error ε = εNO,
Branciard [15, 16] considerably strengthened the above
universally valid relation (42) as well as the relations pro-
posed by Hall [13] and by Weston, Hall, Palsson, and
Wiseman [14] in several ways. All those Branciard rela-
tions also hold for the uniform q-rms error ε = ε by the
dominating property, (V); see Branciard [16, Section IV]
for the alternative forms of the above mentioned relations
to which the dominating property can directly apply.
Those universally valid relations for the noise-operator
based q-rms error have already been experimentally con-
firmed in the error-disturbance scenario for dichotomic
measurements (i.e., A(0)2 = B(0)2 = M(τ)2 = B(τ)2 =
I) with observing the violation of Eq. (41) [18–24]. In-
terestingly, the above experiments were intended to con-
firm relations for the noise-operator based q-rms error
ε = εNO, but they also can be reinterpreted as confirma-
tions for the corresponding relations and the violation
of Eq. (41) with the uniform q-rms error ε = ε, one of
sound and complete q-rms errors, since in those experi-
ments we have εNO = ε by the conservation property for
dichotomic measurements, (VI). Thus, we already have
a well-developed theory of state-dependent measurement
uncertainty relations based on a sound and complete q-
rms error, in contrast to a prevailing claim that the state-
dependent formulation of measurement uncertainty rela-
tions is not tenable [25–27].
METHODS
State-dependent commutativity and joint prob-
ability distributions. The state-dependent notion of
commutativity was originally discussed by von Neumann
[32, p. 230] as follows. Suppose that |Ψ〉 is a super-
position of common eigenstates of X and Y , namely,
there exists an orthonormal family {|x, y〉} of states
such that X |x, y〉 = x|x, y〉, Y |x, y〉 = y|x, y〉, and that
|Ψ〉 =∑x,y |x, y〉〈x, y|Ψ〉. In this case, a measurement of
the observable
Z =
∑
x,y
zx,y|x, y〉〈x, y| (43)
with a one-to-one assignment of real values (x, y) 7→ zx,y
gives a joint measurement of X and Y in the state |Ψ〉
and their joint probability distribution µ(x, y) = Pr{X =
x, Y = y} of X and Y is given by
µ(x, y) = |〈Ψ|x, y〉|2 = 〈Ψ|PX(x)P Y (y)|Ψ〉. (44)
In this case, X and Y commute on the subspace M
spanned by {|x, y〉} but do not necessarily commute on
M⊥.
Then we have the following theorem.
Theorem 1. For any pair of observables X,Y and state
|Ψ〉, the following conditions are all equivalent.
(i) The state |Ψ〉 is a superposition of common eigen-
states of X and Y .
(ii) The observables X and Y commute in the state
|Ψ〉, i.e., Eq. (15) holds for any x, y.
7(iii) There exists a JPD µ of X and Y in |Ψ〉, i.e.,
there exists a probability distribution µ(x, y) on R2 satis-
fying Eq. (16) for any polynomial f(X,Y ) of observables
X,Y .
(iv)
∑
x,y〈Ψ|PX(x) ∧ P Y (y)|Ψ〉 = 1.
In this case, the JPD µ is uniquely determined by
µ(x, y) = 〈Ψ|PX(x)P Y (y)|Ψ〉. (45)
Proof. The following proof is obtained by adapting the
more general arguments previously given in [34–36, 55,
56] to the case discussed here.
(i) ⇒ (iv): Suppose that |Ψ〉 is a superposition of
common eigenstates of X and Y , namely, there ex-
ists an orthonormal family of states {|x, y〉} such that
X |x, y〉 = x|x, y〉, Y |x, y〉 = y|x, y〉, and that |Ψ〉 =∑
x,y |x, y〉〈x, y|Ψ〉. Then we have∑
x,y
PX(x) ∧ P Y (y)|Ψ〉 =
∑
x,y
|x, y〉〈x, y|Ψ〉 = |Ψ〉,
and hence (iv) holds.
(iv) ⇒ (ii): It is easy to see that
PX(u)[PX(x) ∧ P Y (y)] = δu,xPX(x) ∧ P Y (y),
P Y (v)[PX(x) ∧ P Y (y)] = δv,yPX(x) ∧ P Y (y).
It follows that
PX(u)P Y (v)|Ψ〉 =
∑
x,y
PX(u)P Y (v)[PX(x) ∧ P Y (y)]|Ψ〉
= PX(u) ∧ PY (v)|Ψ〉.
By symmetry we obtain
PX(u)P Y (v)|Ψ〉 = P Y (v)PX(u)|Ψ〉.
Thus, (ii) holds.
(ii) ⇒ (iii): Let
µ(x, y) = 〈Ψ|PX(x)P Y (y)|Ψ〉.
Then µ(x, y) ≥ 0 for all x, y ∈ R, since
PX(x)P Y (y)|Ψ〉 = PX(y)P Y (x)PX(y)|Ψ〉
by assumption, and
∑
x,y µ(x, y) = 1. Let f(X,Y ) =
Xn1Y m1 · · ·XnNY mN with 0 ≤ n1,m1, . . . , nN ,mN .
Then by assumption we have
f(X,Y )|Ψ〉 =
∑
x,y
xn1+···+nN ym1+···+mNPX(x)P Y (y)|Ψ〉,
f(x, y) = xn1+···+nN ym1+···+mN .
Thus, we have
〈Ψ|f(X,Y )|Ψ〉 =
∑
x,y
xn1+···+nN ym1+···+mNµ(x, y)
=
∑
x,y
f(x, y)µ(x, y).
By linearity, the relation
〈Ψ|f(X,Y )|Ψ〉 =
∑
x,y
f(x, y)µ(x, y)
holds for every polynomial f(X,Y ).
(iii) ⇒ (i): Suppose that there exists a JPD µ(x, y)
of X and Y in |Ψ〉. Let u, v ∈ R. Let f(X), g(Y ) be
polynomials of X and Y . We have
〈Ψ|[f(X), g(Y )]†[f(X), g(Y )]|Ψ〉
=
∑
x,y
|f(x)g(y)− g(y)f(x)|2µ(x, y) = 0,
and hence
[f(X), g(Y )]|Ψ〉 = 0.
Taking f(X), g(Y ) as f(X) = PX(x) and g(Y ) = P Y (y),
we have
PX(x)P Y (y)|Ψ〉 = PY (y)PX(x)|Ψ〉,
so that X and Y commute in |Ψ〉. It follows that
PX(x)P Y (y)|Ψ〉 is a common eigenvector of X and
Y if PX(x)P Y (y)|Ψ〉 6= 0. It follows from |Ψ〉 =∑
x,y P
X(x)P Y (y)|Ψ〉 that |Ψ〉 is a superposition of com-
mon eigenstate of X and Y .
Suppose that (i)–(iv) hold and let µ be a JPD of X,Y
in |Ψ〉. Then
f(X,Y )PX(x)P Y (y)|Ψ〉 = f(x, y)PX(x)P Y (y)|Ψ〉.
It follows that
〈Ψ|f(X,Y )|Ψ〉 =
∑
x,y
f(x, y)〈Ψ|PX(x)P Y (y)|Ψ〉.
From Eq. (16) we have∑
x,y
f(x, y)〈Ψ|PX(x)P Y (y)|Ψ〉 =
∑
x,y
f(x, y)µ(x, y).
Since f(x, y) was arbitrary, we obtain
µ(x, y) = 〈Ψ|PX(x)P Y (y)|Ψ〉.
It should be noted that if
〈Ψ|PX(x)P Y (y)|Ψ〉 ≥ 0 (46)
for all x, y ∈ R, then Eq. (45) defines a probability distri-
bution µ(x, y) on R2 satisfying the marginal probability
conditions:
µ(x,R) = 〈Ψ|PX(x)|Ψ〉, (47)
µ(R, y) = 〈Ψ|P Y (y)|Ψ〉, (48)
where µ(x,R) =
∑
y µ(x, y) and µ(R, y) =
∑
x µ(x, y).
However, Eq. (46) does not ensure that µ(x, y) satisfies
8Eq. (16). In fact, let X = σx, Y = σy , and |Ψ〉 =
|σx = +1〉, where σx, σy are Pauli operators on C2. Let
f(X,Y ) = Y XY . Then we have
µ(+1,+1) = 1/2, µ(+1,−1) = 1/2, (49)
µ(−1,+1) = 0, µ(−1,−1) = 0, (50)
〈Ψ|f(X,Y )|Ψ〉 = 〈Ψ| −X |Ψ〉 = −1, (51)∑
x,y f(x, y)µ(x, y) =
∑
x,y xy
2µ(x, y) = +1. (52)
Thus, Eq. (16) does not hold.
State-dependent definition for accurate mea-
surements of quantum observables. To character-
ize accurate measurements of a quantum observable in
a given state, here, we take two approaches, one based
on classical correlation and the other based on quantum
correlation, which will be eventually shown to be equiv-
alent.
As discussed before, if A(0) and M(τ) commute in
|ψ, ξ〉, there exists the JPD µ(x, y) of A(0) and M(τ)
in |ψ, ξ〉, which describes the classical input-output cor-
relation. Then according to the consistency with the
classical description, the observable A is considered to
be accurately measured if A(0) and M(τ) are perfectly
correlated in their JPD µ, i.e., µ(A(0) = M(τ)) = 1.
Thus, we reach the following condition for the measuring
process M to accurately measure A in the state |ψ〉:
(S) A(0) and M(τ) commute in |ψ, ξ〉 and their JPD
µ satisfies µ(A(0) =M(τ)) = 1.
In the second approach, we consider the weak joint
distribution (WJD) ν(x, y) of A(0) and M(τ) in |ψ, ξ〉
defined by
ν(x, y) = 〈ψ, ξ|PM(τ)(y)PA(0)(x)|ψ, ξ〉. (53)
From Theorem 1, if A(0) and M(τ) commute in |ψ, ξ〉,
the WJD ν(x, y) coincides with the JPD µ(x, y) of A(0)
and M(τ) in |ψ, ξ〉. The WJD always exists, and is op-
erationally accessible by weak measurement and post-
selection [57], but possibly takes negative or complex val-
ues. Then it is natural to consider the following condi-
tion:
(W) The WJD of A(0) and M(τ) in |ψ, ξ〉 satisfies
ν(x, y) = 0 if x 6= y.
Since the WJD is operationally accessible, condition
(W) is also operationally accessible. Obviously, (W) is
logically weaker than or equivalent to (S). If condition
(S) holds, the measurement should be considered an ac-
curate measurement for the consistency with the classical
description. On the other hand, if the measurement is ac-
curate, any operational test for the possible error should
be passed. Observing the WJD is one of available tests
for the accurate measurement, and it is natural to con-
sider that the test is passed if ν(x, y) = 0 for all x, y with
x 6= y and that the test is failed, or the error is witnessed,
if ν(x, y) 6= 0 for some x, y with x 6= y; this type of test
has been discussed in detail by Mir et al. [58] and Gar-
retson et al. [59] in the context of witnessing momentum
transfer in a which-way measurement. Thus, condition
(W) should be satisfied by any accurate measurement,
since a failure of (W), or a non-zero value of ν(x, y) for
a pair (x, y), witnesses an error of the measurement.
Therefore, condition (S) is a sufficient condition for the
measurement to be accurate, and condition (W) a neces-
sary condition. The following theorem shows that both
conditions are actually equivalent so that both of them
are necessary and sufficient conditions for the measure-
ment to be accurate.
Theorem 2. For any measuring process M, an observ-
able A, and a state |ψ〉, condition (S) and condition (W)
are equivalent.
Proof. The assertion was generally proved in Ref. [33,
34] after a lengthy argument. Here, we give a direct
proof. Since (S) implies (W), it suffices to show the impli-
cation (W)⇒(S). Suppose that the WJD ν(x, y) of A(0)
and M(τ) in |ψ, ξ〉 satisfies ν(x, y) = 0 if x 6= y. Then
〈ψ, ξ|PA(0)(x)PM(τ)(x)|ψ, ξ〉 = 〈ψ, ξ|PA(0)(x)|ψ, ξ〉,
〈ψ, ξ|PA(0)(x)PM(τ)(x)|ψ, ξ〉 = 〈ψ, ξ|PM(τ)(x)|ψ, ξ〉.
Consequently,
‖PA(0)(x)|ψ, ξ〉 − PM(τ)(x)|ψ, ξ〉‖2 = 0,
and
PA(0)(x)|ψ, ξ〉 = PM(τ)(x)|ψ, ξ〉
Thus,
PA(0)(x)PM(τ)(y)|ψ, ξ〉 = δx,yPA(0)(x)|ψ, ξ〉,
PM(τ)(y)PA(0)(x)|ψ, ξ〉 = δx,yPA(0)(x)|ψ, ξ〉.
It follows that A(0) andM(τ) commute in |ψ, ξ〉 and the
condition in (S) holds, Thus the implication (W)⇒(S)
follows.
Sound and complete quantum root-mean-
square errors. In addition to the locally uniform q-
rms error, here, we introduce the following two sorts of
q-rms errors. For any invertible density function f , we
define the f -distributed q-rms error εf by
εf (A,Π, |ψ〉)2 =
∫
R
εt(A,Π, |ψ〉)2f(t) dt. (54)
For any invariant mean m on R [60], define the m-
distributed q-rms error εm by
εm(A,Π, |ψ〉)2 = mt[εt(A,Π, |ψ〉)2]. (55)
Then we have the following theorem.
9Theorem 3. The following statements hold.
(i) Error measures ε, εf , and εm are sound and com-
plete q-rms errors.
(ii) Error measure ε has the dominating property, (V).
(iii) Error measure ε, εf , and εm have the conservation
property for dichotomic measurements, (VI).
(iv) The relations
εm ≤ ε, sup
f
εf = ε,
hold for any invariant mean m, where f varies over all
the invertible density functions.
(v) Error measure εm satisfies the relation
εm(A,Π, |ψ〉)2 = εNO
(
A,Π,
∑
n
PA(an)|ψ〉〈ψ|PA(an)
)2
if A =
∑
n anP
A(an).
Proof. It is obvious from definition that ε satisfies the
operational definability, (I). From Eq. (22), ε satisfies
the correspondence principle, (II), and hence satisfies the
soundness, (III). To prove the completeness, (IV), sup-
pose ε(A,Π, |ψ〉) = 0. Then we have
M(τ)e−itA|ψ〉|ξ〉 = A(0)e−itA|ψ〉|ξ〉.
Since t was arbitrary, we have
M(τ)
∑
j
aje
−itjA|ψ〉|ξ〉 = A(0)
∑
j
aje
−itjA|ψ〉|ξ〉
for any {aj} and {tj}. By Fourier expansion, the set of
operators
∑
j aje
−itjA includes all functions of A, so that
we have
M(τ)PA(x)|ψ〉|ξ〉 = A(0)PA(x)|ψ〉|ξ〉
= xPA(x)|ψ〉|ξ〉
for all x ∈ R. Thus, PA(x)|ψ〉|ξ〉 is a common eigen-
state of M(τ) and A(0) if PA(x)|ψ〉 6= 0, and |ψ〉|ξ〉 =∑
x P
A(x)|ψ〉|ξ〉 is a superposition of common eigenstates
of M(τ) and A(0). Thus, ε satisfies the completeness re-
quirement (IV). Therefore, we conclude that ε is a com-
plete q-rms error. The proofs for εf and εm are similar.
Assertion (ii) follows immediately from the definition.
To prove assertion (iii), suppose A2 = Πˆ(2) = I. Let
|ψt〉 = e−itA|ψ〉. Then we have the commutation relation
[A Πˆ + ΠˆA,A] = 0,
and hence
2Re〈ψt|A Πˆ|ψt〉
= 〈ψt|(AΠˆ + ΠˆA)|ψt〉
= 〈ψ|(AΠˆ + ΠˆA)|ψ〉
= 2Re〈ψ|A Πˆ|ψ〉.
Thus, we have
εt(A,Π, |ψ〉)
= 〈ψt|A2|ψt〉+ 〈ψt|Πˆ(2)|ψt〉 − 2Re〈ψt|A Πˆ|ψt〉
= 〈ψ|A2|ψ〉+ 〈ψ|Πˆ(2)|ψ〉 − 2Re〈ψ|A Πˆ|ψ〉
= εNO(A,Π, |ψ〉).
Thus, assertion (iii) follows.
Assertion (iv) follows easily from the properties of in-
tegral and invariant mean.
Assertion (v) follows from [60, Theorem 5.2].
Consider a quantum system with single degree of freedom
described by a pair of canonically conjugate observables
Q,P prepared in the state |φ〉 such that |〈p|φ〉|2 = f(p).
By the relation∫
R
εt(A,Π, |ψ〉)2f(t)dt
= εNO
(
A,Π,
∫
R
e−ipA|ψ〉〈ψ|eipA|〈p|φ〉|2 dt
)2
,
the above definition of εf is equivalent to making the
canonical approximate A-measurement with the Q-meter
prepared in the state |φ〉 such that |〈p|φ〉|2 = f(p) in the
P -basis before evaluating the noise-operator-based rms
error [61, 62] . The definition of εm is also equivalent to
making the canonical approximate A-measurement with
the Q-meter prepared in the m-Dirac state before evalu-
ating the noise-operator-based rms error [61]. It is well-
known that there is no canonical choice of f or m in
general to achieve the ideal measurement of an arbitrary
A [60, 61]. By Theorem 3 (iv), our definition for ε is
equivalent to
ε(A,Π, |ψ〉) = sup
f
εf(A,Π, |ψ〉),
where f varies over all the invertible wave functions.
Thus, although there is no canonical choice of f in gen-
eral, the definition of ε can be interpreted as choosing
the most error-sensitive f among all the invertible wave
functions f .
Data Availability. Data sharing not applicable to
this article as no datasets were generated or analysed
during the current study.
Acknowledgments. The author acknowledges the
support of the JSPS KAKENHI, No. 26247016 and
No. 17K19970, and of the IRI-NU collaboration.
Competing Interests. The author has no compet-
ing interests relevant to this work.
Author Contributions. The author researched,
collated, and wrote this paper.
10
[1] Laplace, P. S. m. d. The´orie Analytique des Probabilite´s
(Ve. Courcier, Paris, 1812).
[2] Gauss, C. F. Theoria combinationis observationum er-
roribus minimis obnoxiae, pars prior (societati regiae ex-
hibita, febr. 15, 1821). Commentationes Societatis Re-
giae Scientiarum Gottingensis Recentiores V (Classis
Mathematicae), 33–62 (1819–1822). [English translation:
Theory of the Combination of Observations Least Sub-
ject to Errors: Part One, Part Two, Supplement, SIAM
(Philadelphia, USA, 1995)].
[3] Ishikawa, S. Uncertainty relations in simultaneous mea-
surements for arbitrary observables. Rep. Math. Phys.
29, 257–273 (1991).
[4] Ozawa, M. Quantum limits of measurements and un-
certainty principle. In Bendjaballah, C., Hirota, O. &
Reynaud, S. (eds.) Quantum Aspects of Optical Commu-
nications: Paris, France, 1990, Lecture Notes in Physics
378, 3–17 (Springer, Berlin, 1991).
[5] Braginsky, V. B. & Khalili, F. Y. Quantum Measurement
(Cambridge UP, Cambridge, 1992).
[6] Arthurs, E. & Kelly, Jr., J. L. On the simultaneous mea-
surement of a pair of conjugate observables. Bell. Syst.
Tech. J. 44, 725–729 (1965).
[7] Arthurs, E. & Goodman, M. S. Quantum correlations: A
generalized Heisenberg uncertainty relation. Phys. Rev.
Lett. 60, 2447–2449 (1988).
[8] Ozawa, M. Universally valid reformulation of the Heisen-
berg uncertainty principle on noise and disturbance in
measurement. Phys. Rev. A 67, 042105 (2003).
[9] Ozawa, M. Physical content of Heisenberg’s uncertainty
relation: limitation and reformulation. Phys. Lett. A
318, 21–29 (2003).
[10] Ozawa, M. Uncertainty principle for quantum instru-
ments and computing. Int. J. Quant. Inf. 1, 569–588
(2003).
[11] Ozawa, M. Uncertainty relations for noise and dis-
turbance in generalized quantum measurements. Ann.
Physics 311, 350–416 (2004).
[12] Ozawa, M. Uncertainty relations for joint measurements
of noncommuting observables. Phys. Lett. A 320, 367–
374 (2004).
[13] Hall, M. J. W. Prior information: How to circumvent the
standard joint-measurement uncertainty relation. Phys.
Rev. A 69, 052113 (2004).
[14] Weston, M. M., Hall, M. J. W., Palsson, M. S., Wiseman,
H. M. & Pryde, G. J. Experimental test of universal
complementarity relations. Phys. Rev. Lett. 110, 220402
(2013).
[15] Branciard, C. Error-tradeoff and error-disturbance re-
lations for incompatible quantum measurements. Proc.
Natl. Acad. Sci. USA 110, 6742–6747 (2013).
[16] Branciard, C. Deriving tight error-trade-off relations for
approximate joint measurements of incompatible quan-
tum observables. Phys. Rev. A 89, 022124 (2014).
[17] Ozawa, M. Error-disturbance relations in mixed states.
Preprint at https://arxiv.org/abs/1404.3388 (2014).
[18] Erhart, J. et al. Experimental demonstration of a univer-
sally valid error-disturbance uncertainty relation in spin
measurements. Nat. Phys. 8, 185–189 (2012).
[19] Rozema, L. A. et al. Violation of Heisenberg’s
measurement-disturbance relationship by weak measure-
ments. Phys. Rev. Lett. 109, 100404 (2012).
[20] Baek, S.-Y., Kaneda, F., Ozawa, M. & Edamatsu, K. Ex-
perimental violation and reformulation of the Heisenberg
error-disturbance uncertainty relation. Sci. Rep. 3, 2221
(2013).
[21] Ringbauer, M. et al. Experimental joint quantum mea-
surements with minimum uncertainty. Phys. Rev. Lett.
112, 020401 (2014).
[22] Sulyok, G. et al. Violation of Heisenberg’s error-
disturbance uncertainty relation in neutron spin mea-
surements. Phys. Rev. A 88, 022110 (2013).
[23] Kaneda, F., Baek, S.-Y., Ozawa, M. & Edamatsu, K.
Experimental test of error-disturbance uncertainty rela-
tions by weak measurement. Phys. Rev. Lett. 112, 020402
(2014).
[24] Demirel, B., Sponar, S., Sulyok, G., Ozawa, M. &
Hasegawa, Y. Experimental test of residual error-
disturbance uncertainty relations for mixed spin-1/2
states. Phys. Rev. Lett. 117, 140402 (2016).
[25] Busch, P., Lahti, P. & Werner, R. F. Colloquium: Quan-
tum root-mean-square error and measurement uncer-
tainty relations. Rev. Mod. Phys. 86, 1261–1281 (2014).
[26] Dressel, J. & Nori, F. Certainty in heisenberg’s uncer-
tainty principle: Revisiting definitions for estimation er-
rors and disturbance. Phys. Rev. A 89, 022106 (2014).
[27] Korzekwa, K., Jennings, D. & Rudolph, T. Operational
constraints on state-dependent formulations of quantum
error-disturbance trade-off relations. Phys. Rev. A 89,
052108 (2014).
[28] Helstrom, C. W. Quantum Detection and Estimation
Theory (Academic, New York, 1976).
[29] Holevo, A. S. Probabilistic and Statistical Aspects of
Quantum Theory (North-Holland, Amsterdam, 1982).
[30] Davies, E. B. Quantum Theory of Open Systems (Aca-
demic, London, 1976).
[31] Ozawa, M. Quantum measuring processes of continuous
observables. J. Math. Phys. 25, 79–87 (1984).
[32] von Neumann, J. Mathematical Foundations of Quantum
Mechanics (Princeton UP, Princeton, NJ, 1955). [Orig-
inally published: Mathematische Grundlagen der Quan-
tenmechanik (Springer, Berlin, 1932)].
[33] Ozawa, M. Perfect correlations between noncommuting
observables. Phys. Lett. A 335, 11–19 (2005).
[34] Ozawa, M. Quantum perfect correlations. Ann. Physics
321, 744–769 (2006).
[35] Ozawa, M. Quantum reality and measurement: A quan-
tum logical approach. Found. Phys. 41, 592–607 (2011).
[36] Ozawa, M. Quantum set theory extending the standard
probabilistic interpretation of quantum theory. New Gen-
erat. Comput. 34, 125–152 (2016).
[37] Busch, P., Heinonen, T. & Lahti, P. Noise and distur-
bance in quantum measurement. Phys. Lett. A 320, 261–
270 (2004).
[38] Ozawa, M. Noise and disturbance in quantum measure-
ments and operations. In Donkor, E. J., Pirich, A. R.
& Brandt, H. E. (eds.) Quantum Information and Com-
putation IV, vol. 6244 of Proc. SPIE, 62440Q (9) (SPIE
Int. Soc. Opt. Eng., 2006).
[39] Busch, P., Heinonen, T. & Lahti, P. Heisenberg’s uncer-
tainty principle. Phys. Rep. 452, 155–176 (2007).
11
[40] Heisenberg, W. U¨ber den anschaulichen Inhalt der quan-
tentheoretischen Kinematik und Mechanik. Z. Phys. 43,
172–198 (1927).
[41] Kennard, E. H. Zur Quantenmechanik einfacher Bewe-
gungstypen. Z. Phys. 44, 326–352 (1927).
[42] Ozawa, M. Heisenberg’s original derivation of the uncer-
tainty principle and its universally valid reformulations.
Curr. Sci. 109, 2006–2016 (2015).
[43] Ozawa, M. Position measuring interactions and the
Heisenberg uncertainty principle. Phys. Lett. A 299, 1–7
(2002).
[44] Ozawa, M. Measurement breaking the standard quantum
limit for free-mass position. Phys. Rev. Lett. 60, 385–388
(1988).
[45] Braginsky, V. B., Vorontsov, Y. I. & Thorne, K. S. Quan-
tum nondemolition measurements. Science 209, 547–557
(1980).
[46] Caves, C. M., Thorne, K. S., Drever, R. W. P., Sandberg,
V. D. & Zimmermann, M. On the measurement of a
weak classical force coupled to a quantum mechanical
oscillator, I, Issues of principle. Rev. Mod. Phys. 52,
341–392 (1980).
[47] Ozawa, M. Disproving Heisenberg’s error-disturbance re-
lation. Preprint at https://arxiv.org/abs/1308.3540
(2013).
[48] Appleby, D. M. The error principle. Int. J. Theor. Phys.
37, 2557–2572 (1998).
[49] Busch, P., Lahti, P. & Werner, R. F. Proof of Heisen-
berg’s error-disturbance relation. Phys. Rev. Lett. 111,
160405 (2013).
[50] Busch, P., Lahti, P. & Werner, R. F. Measurement un-
certainty relations. J. Math. Phys. 55, 042111 (2014).
[51] Yamamoto, Y. & Haus, H. A. Preparation, measurement
and information capacity of optical quantum states. Rev.
Mod. Phys. 58, 1001–1020 (1986).
[52] Raymer, M. G. Uncertainty principle for joint measure-
ment of noncommuting variables. Am. J. Phys. 62, 986–
993 (1994).
[53] Appleby, D. M. The concept of experimental accuracy
and simultaneous measurements of position and momen-
tum. Int. J. Theor. Phys. 37, 1491–1510 (1998).
[54] Appleby, D. M. Maximal accuracy and minimal dis-
turbance in the arthurs-kelly simultaneous measurement
process. J. Phys. A 31, 6419–6436 (1998).
[55] Gudder, S. Joint distributions of observables. Indiana
Univ. Math. J. 18, 325–335 (1969).
[56] Ylinen, K. On a theorem of Gudder on joint distributions
of observables. In Lahti, P. & Mittelstaedt, P. (eds.)
Symposium on the Foundations of Modern Physics, 691–
694 (World Scientific, Singerpore, 1985).
[57] Lund, A. P. & Wiseman, H. M. Measuring measurement-
disturbance relationships with weak values. New J. Phys.
12, 093011 (2010).
[58] Mir, R. et al. A double-slit ‘which-way’ experiment on
the complementarity-uncertainty debate. New J. Phys.
9, 287 (2007).
[59] Garretson, J. L., Wiseman, H. M., Pope, D. T. & Pegg,
D. T. The uncertainty relation in ‘which-way’ experi-
ments: how to observe directly the momentum transfer
using weak values. J. Opt. B: Quantum Semiclass. Opt.
6, S506–S517 (2004).
[60] Srinivas, M. D. Collapse postulate for observables with
continuous spectra. Commun. Math. Phys. 71, 131–158
(1980).
[61] Ozawa, M. Measuring processes and repeatability hy-
pothesis. In Watanabe, S. & Prohorov, Y. V. (eds.)
Probability Theory and Mathematical Statistics: Kyoto,
Japan, July 8–14, 1986, Lecture Notes in Math. 1299,
412–421 (Springer, Berlin, 1988).
[62] Ozawa, M. Canonical approximate quantum measure-
ments. J. Math. Phys. 34, 5596–5624 (1993).
